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A validation study of the distinct lattice spring model (DLSM) for wave propagation problems is per-
formed. DLSM is a microstructure-based numerical model, which is meshless and has advantages in mod-
elling dynamic problems where stress wave propagation is important. To verify the applicability of DLSM
to modelling wave propagation through a discontinuous medium, the virtual wave source (VWS) method
is used to obtain analytical solutions for wave propagation across a jointed rock mass. Numerical mod-
elling results of the commercial code UDEC are selected as the reference. The effects of particle size
and lattice rotation angle on wave propagation are first studied. Then, the results of wave transmission
across a single joint with a different joint stiffness and across multiple parallel joints with different joint
spacings are derived with DLSM, UDEC and VWS. These results are in good agreement with each other.
Therefore, the capability of DLSM to model P-wave propagation across jointed rock mass is verified,
which provides confidence for the further application of DLSM to modelling more complex problems.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Joints can significantly influence wave propagation through a
rock mass. Analytical and experimental studies on wave propaga-
tion across one joint set have been extensively studied [1–4], by
focusing on the effects of joint stiffness, incident angle, number
of joints and joint spacing on wave propagation. Recently, com-
bined with the equivalent medium model, Li et al. [5] introduced
a new concept of virtual wave source (VWS) to study wave propa-
gation across a joint set, where multiple wave reflections among
joints were taken into account.

Compared with theoretical and experimental studies, numerical
modelling provides a convenient, economical approach to study
wave propagation across a jointed rock mass, especially for compli-
cated cases where theoretical solutions are impossible to obtain
and experiments are difficult to conduct. The representation of
joints is a key difficulty in numerical modelling. In the finite ele-
ment method (FEM), joints are often treated as individual elements
called joint elements [6,7]. Boundary interfaces are often used to
model joints with the FEM and boundary element method (BEM)
[8] or between BEMs [9,10]. Joints are treated as slide lines in the
finite difference method (FDM) [11]. These treatments are applica-
ll rights reserved.
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ble only when the number of joints and their displacement are
small. In the discrete element method (DEM), a rock mass is repre-
sented as an assembly of discrete blocks and joints as interfaces be-
tween the blocks [12]. The universal distinct element code (UDEC),
which is a 2D DEM-based numerical program, has been widely
adopted to study wave propagation across jointed rock masses. Le-
mos [13] performed a study on S-wave attenuation across a single
joint with Coulomb slip behaviour using UDEC. Brady et al. [14]
performed UDEC modelling on the slip of a single joint under an
explosive line source. Chen [15] verified the capability of UDEC
to model the responses of jointed rock masses under explosion
loading. Zhao et al. [16] carried out numerical studies of P-wave
propagation across multiple non-linearly deformable joints with
UDEC.

In the present study, a newly developed numerical code, the
distinct lattice spring model (DLSM), was used to study normally
incident wave propagation across a joint set. DLSM is a microstruc-
ture-based numerical model. Compared with traditional numerical
methods, DLSM has the following advantages in modelling wave
propagation problems:

(1) discontinuities are easy to implement for both the weak
material layer and virtual joint plane method;

(2) the computational model is easy to generate due to the
advantage of the meshless properties of DLSM;
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(3) DLSM has potential to model continuum–discontinuum
wave propagation problems, e.g., wave induced damage
and the influence of fracturing on the wave propagation
process.

The DLSM can be viewed as a meshless method like EFG and
FPM, but with similarities to DEM. Compared with the particle
based DEM, the DLSM can directly use macroscopic parameters
without calibration process, which is regarded as the main advan-
tage over other discrete element based methods. Moreover, DLSM
also has advantages over existing meshless methods, e.g., EFG, FPM
and SPH, on stability, integration requirement and convenience to
deal with heterogeneity problems. Due to the meshless and natural
discrete properties of DLSM, it is suitable for dynamic fracturing
simulation.

In this paper, the virtual wave source, which is originated but
different from the method used by Li et al. [5], was used to obtain
the analytical solutions. The commercial code UDEC was used to
obtain the reference numerical solutions. The objective of the pa-
per is to compare the results of DLSM with corresponding results
from UDEC and analytical solutions and therefore to verify the
applicability of DLSM in modelling wave propagation across
jointed rock masses.
2. The distinct lattice spring model (DLSM)

2.1. The model

The DLSM [17,18] is a microstructure-based numerical model
based on the Realistic Multidimensional Inter Bond (RMIB) model
[19], which is an extension of the Virtual Multidimensional Inter
Bond (VMIB) model [20]. In DLSM, materials are discretised into
mass particles linked through distributed bonds (see Fig. 1a).
Whenever two particles are detected in contact, they are linked to-
gether through bonds between their centre points. Due to the ex-
plicit considerations of the material microstructure, the model
has the potential to generate more realistic modelling of material
Fig. 1. (a) Physical model and (b) calculation cycle of DLSM.
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failure behaviour than a phenomenological model does. Based on
Cauchy–Born rules and the hyper-elastic theory, the relationship
between the micromechanical parameters and the macro material
constants can be obtained as follows [21]:

kn ¼
3E

a3Dð1� 2vÞ ð1Þ

ks ¼
3ð1� 4vÞE

a3Dð1þ vÞð1� 2vÞ ð2Þ

where kn is the spring normal stiffness, ks is the shear stiffness, E is
the Young’s modulus, v is the Poisson ratio and a3D is the micro-
structure geometry coefficient, which is obtained from

a3D ¼
P

l2
i

V
ð3Þ

where li is the original length of the ith bond and V is the volume of
the geometry model.

The particles and springs comprise a whole system, which rep-
resents the material. For this system, the equation of motion is ex-
pressed as

½K�uþ ½C� _uþ ½M�€u ¼ FðtÞ ð4Þ

where u represents the particle displacement vector, [M] is the
diagonal mass matrix, [C] is the damping matrix and F(t) is the vec-
tor of external forces on particles. The motion equations of the par-
ticle system are solved through an explicit central finite differences
scheme. The calculation cycle is illustrated in Fig. 1b. The details of
the implementation and verification of DLSM can be found in
[17,18].

2.2. Representation of discontinuities in DLSM

The idea of the virtual joint plane method [21] is to represent
joints in DLSM. The work principle of the smooth-joint contact
model is shown in Fig. 2, where the relative displacement incre-
ment between the two particles is decomposed into components
normal and tangential to the smooth joint surface. Then the
force–displacement law is applied in the smooth joint coordinates.

When a spring is cut by the virtual joint plane, its spring param-
eters are modified according to following rules:

(a) changing the direction of the original spring into the normal
vector of the virtual joint plane,

(b) replacing the spring stiffnesses with

kbond
n ¼ kj

nAl�

ncut
ð5Þ

kbond
s ¼ kj

sAl�

2ncut
ð6Þ

where kbond
n and kbond

s are the normal and shear stiffnesses of the
bond, kj

n and kj
s are the inputted joint stiffness parameters of the dis-

continuity, A is the area of the joint plane, l� is the mapped bond
length on the joint plane normal direction and ncut is the number
of bonds cut by the joint plane.

2.3. Non-reflection boundary condition in DLSM

The finite boundary of the computational model causes elastic
waves to be reflected and mixed with the original wave, which
makes analysis of the modelling results more difficult. To solve
these problems, an artificial boundary condition that can simulate
a computational model without any finite boundaries is needed.
This kind of boundary condition is also called a non-reflection
ttice spring model (DLSM) on P-wave propagation across multiple parallel
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Fig. 2. Virtual joint plane method in DLSM to represent discontinuity.
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boundary condition, which can eliminate the spurious reflections
induced by the finite boundary. A number of non-reflection bound-
ary conditions have been proposed in past years. The viscous ele-
ment method proposed by Lysmer and Kuhlemeyer [22] is the
oldest and simplest artificial boundary condition and is imple-
mented in DLSM in this paper. Fig. 3 illustrates the imposition of
a viscous element-based non-reflection boundary condition in
DLSM. Three dashpots are applied to particles of the artificial
boundary plane. The reflected wave is minimised by imposing
these damping dashpots at the finite boundary. The mechanical
properties of these dashpots can be determined through the mate-
rial properties of the linked particle. The normal and shear viscous
tractions can be written as

tn ¼ �q�ACpvn ð7Þ

ts2 ¼ �q�ACsvs1; ts2 ¼ �q�ACsv s2 ð8Þ

where q is the material density of the linked particle, �A is the equiv-
alent area given as

ffiffiffiffi
V3
p

, V is the volume of the particle, vn are the
normal components of the particle velocity, vs1 and vs2 are the shear
components of the velocity and Cp and Cs are the P-wave and S-
wave velocities, which are given by

Cp ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K þ 4G=3

q

s
;Cs ¼

ffiffiffiffi
G
q

s
ð9Þ

where K and G are the bulk and shear elastic modulus of the linked
particle. The non-reflection boundary is implemented in DLSM by
including Eqs. (7) and (8) in the force calculation procedure of DLSM
(shown in Fig. 1b).
1s

2s

n
3A V=

n
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y

Fig. 3. Implementation of viscous non-reflection boundary condition in DLSM.
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3. The virtual wave source (VWS) method

To verify DLSM, VWS was used to obtain analytical solutions for
wave propagation across a joint set. Li et al. [5] introduced the con-
cept of virtual wave source (VWS) to study wave propagation
across a joint set, where multiple wave reflections among joints
were considered. When the wave arrives at the joint position, a re-
flected wave is ‘‘created’’ by VWS, while the transmitted wave is
derived by using the effective viscoelastic moduli of the rock mass.
The concept of VWS used in the present study is based on but dif-
ferent from that of Li et al. [5]. Combined with the displacement
discontinuity model, VWS exists at the joint position and repre-
sents the mechanical properties of the joint. It produces one re-
flected wave and one transmitted wave each time the incident
wave arrives at the VWS position.

To obtain the theoretical solution of the transient wave trans-
mitted across a joint set, the incident transient wave is first trans-
formed into the frequency domain by fast Fourier transform (FFT).
In the frequency domain, the incident transient wave can be trans-
formed as the sum of a series of harmonic waves with different
amplitudes and frequencies. The reflected and transmitted waves
upon a single joint can be obtained by the reflection and transmis-
sion coefficients [23]. When there are multiple joints, the transmit-
ted harmonic wave across a joint set is the result of the wave
superposition of different transmitted waves produced by the
VWS. Then an inverse transform for these transmitted harmonic
waves is conducted to obtain the transmitted transient wave by in-
verse fast Fourier transform (IFFT), which can transform one series
of harmonic waves into a transient wave.
4. Validation of DLSM

4.1. Influence of particle size on wave propagation

The influence of particle size on the numerical accuracy of
DLSM in modelling wave propagation must be studied first. Similar
studies have been performed for some mesh based methods
[11,15]. The mesh ratio (lr), which is defined as the ratio of the
mesh size to the incident wavelength, is used as the controlling
parameter. The same term is used in DLSM to maintain consistency
with previous studies, but it is defined as the ratio of the diameter
of the particle to the incident wavelength. In the following section,
the influence of lr on the numerical precision of DLSM in modelling
wave propagation is investigated. The main objective is to obtain
an appropriate value of lr.

A plane elastic P-wave propagating through a continuous,
homogeneous, isotropic and elastic medium can be taken as the
ideal example for verifying the numerical accuracy of DLSM. The
DLSM models used are shown in Fig. 4, where the particle diameter
ttice spring model (DLSM) on P-wave propagation across multiple parallel

http://dx.doi.org/10.1016/j.compgeo.2010.12.002


x

y

z

P-wave

Non-reflection boundary

A (y=130.25)

B (y=110.25)

C (y=90.25)

D (y=70.25)

E (y=50.25)

F (y=30.25)

G (y=10.25)

Fig. 4. DLSM model for P-wave propagation.

4 J.B. Zhu et al. / Computers and Geotechnics xxx (2011) xxx–xxx
is equal to 0.5 mm. Seven measuring points were positioned in the
specimen to record the time histories of the P-wave. The basic
properties of the material are as follows: the rock density is
2120 kg/m3, the Young’s modulus is 27.878 GPa, and the Poisson’s
ratio is 0.2987. A one-cycle sinusoidal wave with unit amplitude
was normally applied to the top boundary and propagated along
the y direction through the model. The left and right side bound-
aries were fixed in the x-direction when modelling P-wave propa-
gation through the DLSM model. The frequencies of the P-wave
varied among 0.1 MHz, 0.2 MHz, 0.5 MHz, 1.0 MHz and 2.0 MHz
to model different lr. The relation between lr and the average per-
centage error is shown in Fig. 5. The percentage error decreased
with decreasing lr. To obtain sufficiently accurate results, a magni-
tude of lr equal to 1/420 was adopted in the following study.

4.2. Influence of lattice rotation angle on wave propagation

In order to check the anisotropic behaviour of the DLSM model,
the original model is rotated to different angles (0�, 15�, 30�, 45�) as
shown in Fig. 6. It should be noted that the model is periodic for
every 45�. The magnitude of transmission coefficient across a sin-
gle joint |T1| is calculated with the rotated models and the original
model, as shown in Table 1. In the calculation, the joint stiffness is
Er
ro

r (
%

)

Mesh ratio (lr)

Fig. 5. Relationship between average percentage error and lr for DLSM in modelling
P-wave propagation.
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400 GPa, and the measurement points are the same for all the
models. From the results shown in Table 1, it can be seen that
the differences caused by the rotation are small. The maximum er-
rors occur when rotational angles are equal to 15� and 30�. How-
ever, when the rotational angle is equal to 45�, the calculated
result is almost the same as that with the original model (0�). It
can be explained through the smoothness and symmetry of the
models. When the lattice rotation angles are equal to 0� or 45�,
the boundaries of the model are smooth, and the left and right
boundaries of the model are symmetric. While the rotation angles
are equal to 15� or 30�, the boundaries are not smooth, and the left
and right boundaries are not symmetric. The calculated results will
be more accurate when the boundaries of the model are smooth
and symmetric.

4.3. Wave propagation across a single joint

Results of wave propagation across a single joint by DLSM are
compared with those by UDEC and analytical solutions by VWS.

UDEC was the first discrete element program developed by Cun-
dall [24] to study fractured rock masses. In UDEC, blocks represent
rock materials, which can be rigid or deformable; contacts repre-
sent joints, which are deformable. A force–displacement relation
is used at the contacts, and contact forces are subsequently ob-
tained from joint displacements (closure, opening and slip) calcu-
lated from block movements. The contact forces and
displacements are continuously found in a series of calculations,
which trace block movements and disturbance propagation caused
by applied loads and body forces. This process is dynamic, and the
disturbance propagation speed depends on the physical properties
of the discrete system.

The DLSM model was the same as that shown in Fig. 4, except
that there was one joint, which was assumed to be dry and elastic.
The properties of the rock material were the same as those adopted
in Section 4.1. The incident P-wave was a half-cycle sinusoidal
wave with a frequency of 20 kHz and unit amplitude. Therefore,
lr was equal to 1/420. The model used in UDEC was the same as
that of DLSM, where lr is equal to 1/24 [15]. Fig. 7 shows |T1| as a
function of normalised joint normal stiffness Kn, which is equal
to kn/xZ, where kn is the joint normal stiffness, x is the angular fre-
quency and Z is the acoustic impedance. Fig. 8 shows the transmit-
ted waveforms across a single joint with DLSM and analytical
solutions for kn = 2000 GPa. It can be found from Figs. 7 and 8 that:

(1) |T1| from DLSM agrees well with those from UDEC and ana-
lytical solutions. The waveform across a single joint obtained
with DLSM is almost the same as that from the analytical
solution. Therefore, DLSM is applicable to study wave prop-
agation across a single joint;

(2) |T1| increases with increasing Kn. When Kn approaches zero,
|T1| also approaches zero, which corresponds to the case of
free boundary reflection. When Kn approaches infinity, |T1|
approaches 1, which corresponds to the case of an intact
rock material without joints;

(3) the frequency of the transmitted wave is lower than that of
the incident wave. It indicates that the joint acts as a high
frequency filter.

4.4. Wave propagation across a joint set

When there are multiple parallel joints, i.e., a set of joints, there
are multiple reflections among joints, which makes the wave prop-
agation more complicated. The transmitted wave across one joint
set is the result of transmitted waves arriving at different times.
In this section, a numerical study with DLSM and UDEC and analyt-
ical study with VWS were conducted. The model and the properties
ttice spring model (DLSM) on P-wave propagation across multiple parallel
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Fig. 6. DLSM models with different lattice rotation angles: (a) 0�, (b) 15�, (c) 30� and (d) 45�.

Table 1
|T1| calculated by DLSM with different lattice rotation angles.

Lattice rotation angle (�) |T1| Error (%)

0 0.6558 0
15 0.6518 0.61
30 0.6522 0.55
45 0.6552 0.09
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 DLSM results
 UDEC reslults

Fig. 7. |T1| versus Kn = kn/xZ .
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of the rock material and the incident wave were the same as those
in Section 4.2, except that the length of the model in the y direction
was larger in order to input more joints. Fig. 9 shows the magni-
tude of transmission coefficient across N joints |TN| for different
nondimensional joint spacing n, which is defined as the ratio of
joint spacing to the incident wavelength, where kn = 1000 GPa.
Fig. 10 shows the transmitted waveforms across 8 joints with
Please cite this article in press as: Zhu JB et al. Validation study of the distinct lattice spring model (DLSM) on P-wave propagation across multiple parallel
joints. Comput Geotech (2011), doi:10.1016/j.compgeo.2010.12.002
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DLSM and analytical solutions for kn = 2000 GPa and n = 0.2. It can
be found from Figs. 9 and 10 that:

(1) the transmission coefficients obtained by DLSM agree well
with those from UDEC and analytical solutions. Generally
speaking, the results obtained by DLSM are slightly larger
than those of analytical solutions, while the results from
UDEC are a little smaller than analytical solutions. There
are only minor differences between the transmitted wave-
form across 8 joints obtained with DLSM and the analytical
solution. Therefore, DLSM is applicable to study wave prop-
agation across a joint set;
Please cite this article in press as: Zhu JB et al. Validation study of the distinct la
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(2) with increasing n, |TN| first increases to the maximum value,
and then it decreases. When n is sufficiently large, |TN| does
not change with n, which indicates that n has no influence on
|TN| because later arriving transmitted waves from inter-
joint reflections have no effects on the amplitude of the first
transmitted wave;

(3) generally speaking, |TN| decreases with increasing N. How-
ever, when n is small, |TN| may not change or even increase
with increasing N.

5. Conclusions

The capability of DLSM to model P-wave propagation through
multiple rock joints is verified in this paper. To calibrate the
numerical results of DLSM, the concept of VWS is adopted to obtain
analytical solutions for wave propagation across a joint set, and
UDEC is also used to obtain the reference numerical results. The re-
sults of DLSM, UDEC and VWS are obtained and compared with
each other for wave propagation across a single joint and a set
joint. The results of DLSM agree well with those of UDEC and ana-
lytical solutions. Therefore, DLSM is proven to be an applicable
code to study normally incident P-wave propagation across a dis-
continuous medium. Further application of the code in more com-
plex conditions, e.g., stress wave propagation induced failure and
the influence of dynamic failure on stress wave propagation, needs
to be studied.
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